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have been able · to explicitly and completely solve and
furnish a certainty equivalent separation theorem for the
optimal solution, for various values of the parameters.
It is hoped that the methods used here will find application in other dynamic programming problems with no
known explicit solutions.
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Stochastic Dynamic Programming:
Caution and Probing
YAAKOV BAR-SHALOM, SENIOR MEMBER, IEEE

Abstract-'lhe purpose of this paper is to unify the concepts of caution
and probing put forth by Feldbaum [14) with the mathematical technique of
stocb4lstic dynamic programming originated by· Bellman [SJ. 1he decomposition of the expected cost in a stochastic control problem, recently
developed in [8], is used to assess quantitatively the caution and probing
effects of the system uncertainties on the control. It is shown how in some
lH'Ob1'ms, because of the uncertainties, the control becomes cautious (less
aggressive) while In other problems it will probe (by becoming more
aggressive) In order to enhance the estimation/identification while controlling the system. Following this a classification of stochastic control probJems according to the dominant effect is discussed. 'lhis is then used to
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point out which are the ~1ochastic control problems where substantial
improvements can be expected from using a sophisticated algorithm versus
a simple one.

I.

T

INTRODUCTION

HIS PAPER reviews recent work in the area of stochastic control and shows how the concepts of caution and
probing, originated by Feldbaum [14), can be unified with
Bellman's dynamic programming technique [5], [6]. The
concepts of caution and probing, developed by Feldbaum
[14) about 20 years ago and also discussed in [16), dealt
from an intuitive point of view with some phenomena
peculiar to stochastic control problems or decision under
uncertainty.
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In the presence of uncertainty, modeled by random
variables or stochastic processes, there is usually a deterioration of the system performance, which can be measured by an increase in the (expected) loss function compared to the deterministic case. In order to reduce the
increase in the loss function the controller will tend to be
"cautious," a property known in the decision theory literature as "risk aversion" [12]. This phenomenon occurs for
convex loss functions that the decision maker (controller)
wants to minimize, like in most control problems. On the
other hand, in multistage problems where observations are
made on the system at each stage, the controller might be
able to carry out what has been called "active information
gathering" or "probing" of the system for estimation enhancement. This is possible when the controller affects not
only the state of the system but also the quality of the
estimation process, i.e., has the so-called "dual effect."
This paper intends to provide a tutorial on these aspects
of stochastic control by a suitable presentation of the basic
concepts embodied in the stochastic dynamic programming. When the caution and probing phenomena are present in the multistage problems, the optimal solution is not
known. In view of this, the insight is provided by considering a suboptimal algorithm that has the features of the
optimal one.
Section II discusses the information state in the multistage control problem of a stochastic system. The formulation of the principle of optimality for stochastic systems
and the resulting stochastic dynamic programming equation for additive cost functions are discussed in Section III.
It is pointed out how the "preposterior analysis" technique
is a direct consequence of the principle of optimality. The
definition of the dual effect and the types of approximate
solutions of the stochastic dynamic programming are the
topic of Section IV. The "closed-loop" approximation of
the stochastic dynamic programming using the "wide-sense"
information state [8], [29], [30] is shown in Section V to
lead to a decomposition of the expected cost into three
terms. Two of these terms can be associated directly with
the caution and probing effects discussed earlier giving
thus a quantitative measure of these effects. It is shown in
Section VI how one can classify stochastic control problems according to the dominant term in the cost decomposition. This is then illustrated via a number of examples
where stochastic control problems that are probingdominated, caution-dominated, and essentially deterministic are presented. The effect of various state weightings in
the cost function and the anticipated future learning are
also discussed. Conclusions are presented in Section VII.
II.

THE INFORMATION STATE IN A STOCHASTIC
CONTROL PROBLEM

The principle of optimality of Bellman [5] can be stated
as follows for stochastic problems: at any time, whatever
the present information and past decisions, the remaining
decisions must constitute an optimal policy with regard to
the current information set.
In the deterministic case the information set is the state
of the system. This, together with the controller's subse-
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quent decisions fully determines the future eyolution of the
system. In the stochastic case the information set is, loosely,
what the controller knows about the system. This will be
discussed in more detail next.
Consider the following general stochastic control problem. The state x evolves according to the equation

x(k+ 1)=/[ k, x(k), u(k), v(k)]

k=0,1, ...

(2.1)
where u is the control and v is the process noise. The
measurements are described by

k=l, ...

y(k )=h[ k, x(k), w(k )]

·•

(2.2)

where w is the measurement noise. The information set at
time k is assumed to be the past measurements and controls
(2.3)
where

yk = {y(J)} ~=o• u/ ~ {u(j)} ~=i

(2.4)

and subscript i=O is omitted. The inclusion property in
(2.3) points to the fact that the sequence of information as
assumed here is nested-each contains its predecessor.
Since (2.3) is growing with k it is of interest when a
(nongrowing) information state can replace (2.3).
Note that x(k) is a state only in the deterministic
1
context when, together with
, it fully determines x(j),
Vj>k, i.e., x(k) summarizes the past of the system. The
stochastic counterpart of this is the "information state."
The information state is defined as a vector-valued variable or a function that summarizes the past (i.e., it can
replace /k) when we want to characterize (probabilistically)
the future evolution of the system. This is more general
than the "informative statistic" of Striebel [26] which is,
roughly, what the optimal controller (for the problem
under consideration) needs from the past data (2.3);
It is assumed in the sequel that all the pertinent probability densities exist. Discrete-valued random vanables will
have a probability density function (pdf) with Dfrac delta
functions at the locations of the point masses.
If both sequences of process and measurement noises ate
white and mutually independent, then at time k the conditional probability density function of the vector x( k) .

Vi-

~k =p[ x( k )I fk]

1

(2.5)

is an information state. This can be seen from the following. The conditional density of x(k+ l) can be written
using Bayes' rule

~k+I =p[ x(k+ l)llk+ 1)= ~p[y(k+ l)lx(k+ 1), [k, u(k)]
·p[x(k+ l)lfk, u(k )]

(2.6)

where c is a normalization constant.
1
Rigorously, the conditional density .should be written Pl ·I yk; uk- 11
because this is conditioned on the sigma-algebra gener~ by the measurements but it is not well-defined unless lfte values of pasn~ontrols or
control functions are indicated [26.). For k=O this is the prior density of
""f.
the state.
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If the measurement noise is white (w(k+ 1) conditioned
on x(k+ 1) has to be independent of w(j),j~k, i.e., state
dependent measurement noise is allowed), then

p[y(k+ I)jx(k+ l), Jk, u(k )] =p[y(k+ I)/x(k+ I)]
(2.7)
(the control is anyway irrelevant in the conditioning).
For an arbitrary value of the control at k one has

J

Ill.

5,

OCTOBER

FROM THE PRINCIPLE OF OPTIMALITY TO
STOCHASTIC DYNAMIC PROGRAMMING

Consider the problem where the number N of time steps
is finite and deterministic. In general, the terminal time can
be a random variable, possibly depending on the state or a
decision variable. The present discussion is limited to the
fixed terminal time problems. See, e.g., [ 11 ], [18] for discussions on the free end-time problem. Denote the (scalar)
cost function of the problem as

p[x(k+ I)IJk, u(k)] = p[ x(k+ l)lx(k ), Jk, u(k)]
·p[x(k)IJk,u(k)] dx(k).

1981

(3.1)

(2.8)

Since this is a random variable, the minimization (in general, extremization) is done in the Bayesian approach on
If the process noise sequence is white and independent
the expected cost
of the measurement noises (v(k) conditioned on x(k) has
to be independent of v(j-1), w(j),j~k, i.e., state depen(3.2)
J=E{C}.
dent process noise is allowed), then
We assume here that the minimum and, therefore, an
p[ x(k+ l)/x(k), Jk, u(k )] =p[ x(k+ l)/x(k ), u(k )]
optimal solution (policy) exist. Otherwise, the infimum of
(2.9) (3.2) is to be obtained and then only an £-optimal policy
exists (see, e.g., [l l, p. 42]). Other approaches, like min-max
and, since
and worst distribution, are also used sometimes but they
are usually more difficult.
(2.10)
In order for (3.2) to be a well-defined criterion, the
expectation
must exist, i.e., all the variables entering into
then, inserting (2.9) and (2.10) into (2.8) it follows that
the cost must be either deterministic or random (with
p(x(k+l)IJk,u(k)]=4>[k+l,~k;u(k)]. (2.11) suitable moment conditions that guarantee the existence of
the expected cost). No "unknown constants" can be used
Now, using (2. 7) and (2.11) in (2.6) one has
in formulating stochastic control problems with the Bayesian approach.
~k+ 1 =¥i[k+1,~k,y(k+l),u(k)],
(2.12)
If there are unknown system parameters, they have to be
i.e., Jk is summarized by ~k. Equation (2.12) is the recur- modeled as random variables with a priori pdf. If these
parameters are time invariant, then one has a single realizasion for the information state.
From the smoothing property of expectations it also tion from the prior pdf, i.e., an unknown system model
generated by a probabilistic mechanism. before the start of
follows that, for j>k,
the process. In this case the minimization of the expected
cost implies that we want to find the optimal policy
P[ x(J)/ Jk, u1-1] =E[ ~'Ilk, u1-1]
1) over all possible initial conditions (as specified by
their pdf);
=JP[ x(J)lx(k ), Jk, uf- 1] p[ x(k )Ilk] dx(k)
2) over all possible values of the unknown parameters
(whose realization is according to the corresponding pdf}
1
= p[x(J)/x(k),uf- ]~kdx(k)
- the ensemble of systems perceived by the controller in
view of its uncertainty;
(2.13)
3) over all possible disturbance sequences.
When there are unknown time-invariant or slowly varywhere the whiteness of the process noise sequence and its
ing
system parameters the stochastic controller can then be
independence from the measurement noises has been used
adaptive,
i.e., it will (hopefully) "learn" the system parameagain.
ters
during
the control period.
Therefore, the whiteness and mutual independence of
The
causality
condition is that any decision function
the two noise sequences is a sufficient condition for ~k to
must
depend
only
on the information set availat;lt at the
be an information state. It should be emphasized that the
time
it
has
to
be
computed,
i.e.,
whiteness is the crucial assumption. This is equivalent to

J

the requirement that x( k) be an incompletely observed
Markov process. If, for example, the process noise sequence is not white it is obvious that ~k does not summarize the past data. In this case the vector x is not a state
anymore and it has to be augmented (see, e.g., [31 ]). This
discussion points out the reason why the formulation of
stochastic control problems is done with white noise sequences.

k=O,l,·;·,N-1.

(3.3)

Since the principle of optimality states that every end
part of the decision process must be optimal, the multistage optimization has to be started from the last stage.
The last decision, u( N - I), must be optimal '.Vi th regard to
the information set available when it has to be computed,
i.e., it will be obtained from the functional minimization
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E( q1N-t)

the minimization (3.7) of C(O), the cost starting from the
initial time 0 yields the discrete-time stochastic dynamic
programming equation. Dynamic programming can be apwhere C is the cost for the entire problem.
plied only to the so-called class of "decomposable" cost
The next to the last decision, u( N - 2)
functions, as pointed out in (21), [23). The additive cost
l) must be optimal with respect to (w.r.t.) 1N- 2 and
(3.8) belongs to this class.
2) is to be made knowing that the remaining decision
Since
u(N-1) will be optimal w.r.t. 1N- t -::;1N-2.
min

u(N-1)

(3.4)

Thus, the (functional) minimization that yields the decision function at N - 2 is

C1 ~

i

I

c[J,x(J),u(J)]

(3.9)

j=O

min

u(N-2)

E[

min

u(N-1)

E( q1N- 1)11N- 2]

(3.5)

and it uses the result of the functional minimization (3.4).
Note that the outside averaging in (3.5) is over y(N-1)
using the conditional density
p(y(N-l)IJN- 2, u(N-2)]

is independent of U;~) 1 and using the smoothing property
of the expectation operator, i.e.,
'Vj>k

(3.10)

one has from (3.7)

(3.6)

J*(O,lo)
parameterized by the control at N - 2. Since this measurement is not yet available when u(N-2) is to be computed
· · · u(N-2)
min E[ u(N-1)
min E[c(N)
but it will be available for u(N-1) it is "averaged out" in = minE{
u(O)
(3.5).
The above-described last two steps are entirely similar to
1
2
the "preposterior analysis" technique from the operations
+
c{j)IJ"]
research literature discussed, e.g., in [22). This technique is
usually formulated in the following context. The first decision [here u( N - 2)) is for information gathering by an = minE{ · · · min E[cN- 2 + min E[ c(N)
u(O)
u(N-2)
u(N-1)
experiment from which a posterior information will result
[here y(N-1)) that will be used to make the last decision
+c{N- l)IJN-t]IJN-2] .. · llo}
[here u(N-1)). The prior (to the experiment) probability
density of the (posterior) result of the experiment is called
the "preposterior density" and in the present problem this
minE{c{l)+ · · · min E[c{N-2)
is (3.6). Thus, one can say that preposterior analysis, which = minE{c{O)+
u(O)
u(I)
u(N-2)
is "anticipation" (in a statistical sense, i.e., causal) of future
information is a consequence of the principle of optimality.
+ min E[c(N-l)+c(N)IJN-t]IIN- 2] ···l/ 1 }11°}.
From the above discussion it can be seen that the
u(N-1)
principle of optimality's statement that, at every stage, "the
(3.11)
remaining decisions must constitute an optimal policy with
regard to the current information set" implies the follow- In the above the cost summands have been moved to the
ing: every decision has to use the available "hard" informa- left outside the minimizations that are not relevant for
tion (2.3) and "soft" information (3.6) about the subse- them.
··
quent hard information. This can be paraphrased as the
Rewriting (3.11) in (backward) recursive form yields the
optimal controller has to know how to use what it knows as Bellman equation
well as what it knows about what it shall know.
The extension of (3.5) to the full N-stage process yields J*(k, Jk)= minE{ c[k, x(k), u(k )]
u(k)
the optimal expected cost starting from the initial time as

:~:

Ji1•-

·.·II'} .

k=N-1,· · · ,0

J*(O, 1°)

= minE{
· · · min E[ min E( q1N- 1 )11N- 2] ·. -11°}
u(O)
u(N-2)
u(N-1)
{3.7)

where J*(k, Jk) is the optimal cost-to-go from time k to · the end and its dependence on the available information
set at k is explicitly pointed out. The terminal condition fo, ·
(3.12) is

where 1° is the initial information. Note that this equation
does not assume any particular form for the cost function

c.
For the additive cost given by
N-1

C(k)=c[N,x(N)]+

I

j=k

c[J,x(J),u(J)]

(3.8)

(3.12)

(3.13)
where the last measurement is irrelevant since it is averaged
out immediately.
The stochastic dynamic programming functional equation (3.12) resulted from the use of the prilfciple of optimality embodied in (3.7) f~e additive cost (3.8). The.
l~
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recursion was obtained by moving to the left in (3.11) the
cost summands.
An equivalent approach, based on the "basic lemma of
stochastic control" [2] is as follows. This basic lemma states
that

minE[ c(x, u)] = minE{ E[ c(x, u)[Y]}
u

u

;;;;.£min£[ c(x, u}[y],

(3.14)

5,

OCTOBER

1981

and allow an assessment of the effect of uncertainties
(imperfect information: present and future) on the controller and its performance.
The approximations of the stochastic dynamic programming fall in the following two classes.
I) Feedback Type Algorithms: In this case the control
depends only on the current information

u(k) =u(k, lk)

(4.1)

u(y)

i.e., if a measurement y related to x is available then the
minimization of the conditional expectation [the right-hand
side (RHS) of (3.14)] yields the absolute minimum. This is
equivalent to the statement that to minimize an integral
[the outside expectation in (3.14)) is best done by minimizing the integrand at each point via the function u(y), i.e.,
"feedback," instead of a single value for the entire integral,
i.e., "open loop." In other words, moving a minimization
inside a sequence of expectations, to be in front of a
conditional expectation (conditioned on all the available
information) is what is needed for the global minimum.
Thus, based upon (3.14) the expected cost is minimized as
follows:
min

u(O),· · ·, u(N-2), u(N-1)

=

min

E{ Cjl 0 }

u(O), · ·, u(N-2), u(N-1)

E{ · · · E[E( CjlN)jlN-I] · · · jl 0 }

= minE{...
min E[ min E( q1N- 1 )11N- 2 ]
u(O)
u(N-2)
u(N-1)

•• •

11°}'
(3.15)

i.e., exactly (3.7). Note that the nestedness property (2.3) of
the sequence Jk was used above.

IV.

DUAL EFFECT: CAUTION AND PROBING

The solution of multistage stochastic decision processes,
either in the general form (3.7) or in the stochastic dynamic
programming form (3.12) for an additive cost is a formidable problem. Unless an explicit form is found for the
optimal cost-to-go in (3.12) one cannot·· Solve this functional equation except numerically. The curse of dimensionality [6] afflicted upon the deterministic dynamic programming is further compounded by the expectation operators in the stochastic case making it unsolvable with a few
exceptions (in addition to numerical minimization, numerical calculation of the conditional expectations also has to
'pe carried out, which is practically impossible).
\, The few exceptions are the linear-quadratic problem [l],
[~], [7], the linear-exponential-quadratic-Gaussian problem
[24] and a linear system with a special form cost (even
powers of the state up to sixth) [25].
Since one cannot obtain the optimal stochastic controller
it is of interest to find suitable approximations for the
stochastic dynamic programming. Such an approximation
should preserve the preposterior analysis property of the
principle of optimality mentioned in the previous section

but does not use the prior statistical description of the
future posterior information
(4.2)
2) Closed-Loop Type Algorithms: Such a controller
utilizes feedback (4.1) and anticipates future feedback via
(4.2), i.e., that the loop will stay closed.
Feldbaum [14] introduced the concept of dual effect in
the control of stochastic dynamic systems. In a stochastic
problem the control has, in general, two effects.
l) It affects the state (control action).
2) It affects the uncertainty of the state (augmented by
the possibly unknown parameters).
A rather general.mathematical definition of this has been
given in [7] in terms of conditional central moments of the
state vector. To illustrate it, let the conditional covariance
of the state at k be

~(klk) =E{ [x(k )- x(klk )][ x(k )-x(klk ))'Ilk}
(4.3)

where x( k Ik) denotes the conditional mean. Then if~( k Ik)
does not depend on the past controls uk-i, the control has
no dual effect (of second order), i.e., it is neutral. This is
the case in linear dynamic systems with additive but not
necessarily Gaussian noise [7], (32]. In nonlinear systems
the state estimation accuracy is in general control dependent- the control has a dual effect.
If the system has unknown parameters, modeled as a
realization of a vector valued random variable, the control
values will affect, in general, the information about them
derived from the measurements. Since having more accurate estimates of the system parameters is intuitively beneficial for the controller, the idea that the controller
should enhance their identification is appealing. The initial
control should account for the fact that it is applied to a
system with parameters drawn from the prior distribution
and for the fact that their value can be further identified
during the process. This is the adaptive or learning feature
of the controller. A simple example that illustrates the dual
effect of the control is given in the Appendix.
Therefore, the controller can be used for "active information storage" (estimation enhancement or uncertainty
reduction) via what has been called probing (14]. Note that
only a "closed-loop" algorithm can do this active information gathering. On the other hand, the existence of uncertainty ih the system, might have another effect. Since, .in
general, uncertainty in the system will increase the expected cost, the controller should be "cautious" not to
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increase further the effect of the existing uncertainties on
the cost. A simple example to illustrate this "caution"
effect is also given in the Appendix.
The open-loop feedback (OLF) control [I], which belongs to the feedback class, works well in some problems.
Nevertheless, it can suffer from the "tum-ofr' phenomenon which can be avoided only by a closed-loop controller
[15], [36]. As pointed out in [7] the optimal solution of the
linear-quadratic control problem belongs to the feedback
class because in this problem the c<>ntrol has no dual effect.
Among the algorithms that belong to the feedback class are
the heuristic certainty equivalence ("enforced separation")
[IO], [28], the self-tuning regulator [3], the cautious control
[36], and the multiple model partitioned control [4], [13].
Algorithms of the closed-loop type are the wide-sense
adaptive [8], [29], [30], the dual controllers of [27], [36], the
innovations dual controller of [20], and the model adaptive
dual controller for multiple models [37].
V.

CAUTION AND PROBING EFFECTS FROM THE
STOCHASTIC DYNAMIC PROGRAMMING

The previous discussion pointed out qualitatively that a
controller
1) has a direct control effect on the state;
2) can perform active information gathering (probing)
to improve the accuracy of subsequent control actions; and
3) has to be cautious because of the existing uncertainties in the system.
While there is no universal agreement on the notions of
caution and probing this author believes these concepts are
valuable in the derivation of suboptimal algorithms. In this
section a quantification of the above properties is presented. This is obtained by an approximation of the optimal cost from the stochastic dynamic programming that
results in a decomposition of the cost into three terms, each
associated with one of the above items.
The stochastic dynamic programming equation (3.12) is
approximated as follows [8], [29], [30]. First, instead of the
exact information state, the following approximate "widesense" information state is used:

qpk = {x(klk ), }";(klk)},

(5.1)

i.e., the (approximate) conditional mean and covariance of
x(k) obtained, e.g., via an extended Kalman filter. The use
of this "quasi-sufficient statistic" is needed for an algorithm that is implementable. Assume now that the system
is at time k and a closed-loop control (in the sense defined
earlier) is to be computed using qjlk and the present knowledge (statistical) about the future observations.
The principle of optimality with the information state
(5.1) yields the following stochastic dynamic programming
equation for the closed-loop-optimal expected cost-to-go at
time k
J*(k, qpk) = minE {c[k, x(k ), u(k)]

The main problem is to obtain an approximate expression for E{J*(k+ l, qjlk+ 1)1'3'K} preserving its closed-loop
feature, i.e., this expression should incorporate the "value"
of the future observations. In order to-find an explicit
solution, the cost-to-go C(k+ 1) defined in (3.8) is expanded about a nominal trajectory (designated by subscript 0) generated by the recursion
x 0 (J+ 1) =Jlj, x 0 (J), u 0 (J), v(J)],

j=k+l,- · ·,N-1

(5.3)

where u0(j), j=k+ l, · · · ,N-1 is a sequence of nominal
controls and v(j) is the mean of the process noise. The
initial condition x 0 (k+ 1) is laken as the predicted value of
the state at k+ 1 given qpk and the control (yet to be found)
u(k). The expansion of the cost-to-go from time k+ 1 is
C(k+ l)=C0 (k+ l) +4C0 (k+ 1)

(5.4)

where C0( k + 1) is the cost along the nominal (ignoring all
the uncertainties) and ~C0 (k+ 1) is the variation of the cost
about the nominal with terms up to second order obtained
from a Taylor expansion, which will capture the stochastic
effects. The approximation of the closed-loop-optimal expected cost-to-go from time k+ l is done now as follows:
J*(k+ l)=C0 (k+ l)+~Jif(k+ 1)

(5.5)

where the optimal "closed-loop" perturbation cost is
~Jti(k+ 1)

=

min
Bu(k+I)

E{... Bu(N-1)
min E[ ~Co(k+ l)l'3'N-I] .. · lqpk+I}
(5.6)

and 8u(k)=u(k)-u 0 (k). This minimization problem is
quadratic since, by construction, ~C0(k+ 1) is quadratic in
8u(j), k+ 1<.j<.N-1 as well as in the variations about
the nominal trajectory, 4x(j)=x(j)- x 0(j), k+ I <.j<N.
Using a Taylor series expansion of (2.1) and including
second-order terms results in a set of perturbation state
equations in 8x(j) with 8x(k+ l)=x(k+ 1)- x 0 0c+ 1) as
an initial condition. Thus, the problem posed in (5.6)
consists of minimizing a quadratic cost given a quadratic
system of state equations, and is somewhat similar to the
linear-quadratic control problem. Then, by assuming a
solution quadratic in the perturbed state (i.e., neglecting
higher order terms) and evaluating the expectations permits the optimal closed-loop (CL) cost-to-go to be obtained
explicitly. See [8] for the development of the details. This
result, obviously, depends on the approximations used in
the derivation.
The Cost Decomposition
The explicit expression of the (approximate) cost obtained can be decomposed as follows:

u(k)

(5.7)
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The closed-loop control u( k) is found from the minimization of (5.7) using a search procedure. At every k to each
control u(k) for which (5.7) is evaluated during the search
there corresponds a predicted state and to this predicted
c( k, x{k ), u{k )] =c 1( k, x{k )] +c2 ( k, u(k )] (5.8) state a sequence of deterministic controls is attached that
defines the nominal trajectory. The only use of the nomiand that the process noise, whose covariance is V, enters
nals and perturbations is to make possible the. evaluation
additively in (2.1 ). Then the deterministic component of
the cost-to-go is, excluding c 1 (which does not depend on of the cost-to-go optimized in a closed-loop manner. This
procedure is repeated at every time a new control is to be
the control) is given by
obtained.
The "quality" of the approximations used in the derivations outlined above, in particular, the second-order expanand the stochastic terms obtained via the perturbation sions, is an open question. Only extensive Monte Carlo
simulations with rigorous comparison with other algoproblem are
rithms (see, e.g., [37]) can answer these questions. For some
problems [29], [30] significant performance improvements
Jc(k) ~ l/2tr[K 0 (k+l)~(k+llk)]
have been found. In other cases where probing is not
significant the CL algorithm performed close to the OLF
N-1
[8].
+1/2
tr(K0 (j+l)V(J)]
(5.10)
The cost decomposition is believed to provide the only
j=k+I
insight we now have towards the understanding of complex
N-1
stochastic control problems for which the optimal solution
Jp(k) ~ 1/2 ~ tr((£o,xx(J)l: 0 (JIJ)]. {5.11)
is
unknown. Furthermore, the classification of various stoj=k+I
chastic control problems presented in the next section,
~is the covariance of the augmented state and y, K, and(£ which is based on this decomposition, can be used as a tool
to assess for which nonlinear problems stochastic control
are given by appropriate recursions detailed in [8].
algorithms
can provide significant performance improveThe stochastic term (5.10) reflects the effect of the
ments.
uncertainty at time k summarized by ~( k Ik) and subsequent process noises on the cost. These uncertainties cannot be affected by u( k) but their weightings do depend on
it, e.g., ~(k+ llk) depends on l:(klk) and u(k). The effect
VI. IMPLICATIONS OF THE COST DECOMPOSITION
of these uncontrollable uncertainties on the cost should be
AND EXAMPLES
minimized by the control; this term indicates the need for
The decomposition of JCL presented above yields an
the control to be cautious and thus is called caution term.
explicit
evaluation of the tradeoffs between direct control,
The stochastic term (5.11) accounts for the effect of uncertainties when subsequent decisions (corrective actions) active probing, and a cautious action on the part of the
will be made. The weighting of these future uncertainties is controller. Thus, the ability of the control to affect learning
nonnegative ((£o,xx is positive semidefinite). If the control as well as steer the system to its targets can be numerically
can reduce by probing (experimentation) the future up- evaluated using this decomposition. This is a particularly
dated covariance, it can thus reduce the cost. The weight- attractive feature for it captures both the need (and desire)
ing matrix (£ 0, xx yields approximately the value of future of the controller to extract more information frortl the
information for the problem under consideration. There- system as well as the aversion for drastic actions which
fore, this is called the probing term. Note that even if the may result in undesirable outcomes (risk aversion [121).
control has no dual effect, i.e., it does not affect the future Furthermore, this also gives indication whether the uncercovariance l: of the augmented state (which includes the tainty dominates the problem when the stochastic part of
random parameters), the weighting of these ~ovariances the cost (Jc +Jp) exceeds significantly the deterministic
might still be affected by the control. Therefore, this (ad- part (Jn)·
If the uncertainty dominates the problem, then one can
mittedly approximate) procedure accounts not only for the
dual effect but all the stochastic effects in the performance distinguish two cases.
1) The caution component Jc dominates. Then, since
index.
Thus, starting from the stochastic dynamic programming this is "uncontrollable" uncertainty, one has a fttghly un: one can see the following: the benefit of probing is weighted certain model which cannot be improved in the course of
by its cost and a compromise is chosen such as to minimize the control period.
2) The probing component Jp dominates. Then, with the
the sum of the deterministic, caution, and probing terms.
The minimization of J CL will also achieve a tradeoff be- dual effect of the control, one can reduce the uncertainty of
tween the present and future actions according to the the model- thus, the model, while uncertain at the begininformation available at the time the corresponding deci- ning, might prove to be ultimately adequate for the control
problem under consideration.
sions are made.
where the subscript D stands for deterministic, C stands
for caution, and P stands for probing components.
It will be assumed, for simplicity, that

I
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A third case occurs when we have the following.
3) The deterministic component of the cost JD
dominates; then the parameter uncertainties are of no
significant consequence.
The last case is the most desirable because then the
controller can be of the certainty equivalence type [7], i.e.,
it can ignore the uncertainties by replacing all the random
variables by their (conditional) means. This is the least
expensive algorithm because it is essentially deterministic
and will yield near optimum performance. However, the
stochastic control approach outlined above has to be used
to reach this conclusion.
Wonham [33] stated, about ten years ago, the following.
In the case of (stochastic) feedback controls the general
conclusion is that only marginal improvement can be obtained (over a controller ignoring the stochastic features),
unless the disturbance level is very high; in this case the
fractional improvement may be large but the system is
useless anyway.
This statement implies that with high-level disturbances
(in which one can include large parameter uncertainties)
one has a "hopeless" situation. The other extreme is the
situation with low level disturbances. These two situations
seem to match, respectively, cases 1) and 3) from above. It
was also pointed out in [33] that Feldbaum's dual control
which probes the system might hold the promise of useful
applications of stochastic control. However, at that time it
was not clear whether there are such problems and, if yes,
then how to obtain a (dual) controller that can effectively
probe the system to reduce uncertainties. The wide-sense
dual (or stochastic closed-loop) control algorithm [8], [29],
presented in Section V, can then be used to obtain significant performance improvement.
As will be shown in the sequel, the cost decomposition
presented above can answer affirmatively the question
whether there are probing-dominated stochastic control
problems, i.e., problems falling in case 2) from above.
In the following a number of examples are discussed to
illustrate the usefulness of the cost decomposition and its
implications. Some of these examples have appeared earlier
in the literature and they are reexamined in light of the
recently gained quantitative understanding of the caution
and probing effects from the cost decomposition.
A. A Probing-Dominated Problem (Terminal Guidance)

The first example is the interception problem from [30].
In this case a third-order linear system with six unknown
(random) parameters and both process and measurement
noises was considered. The augmented nine-dimensional
state (for which the dynamic equation is obviously nonlinear) had an initial estimate and an associated covariance.
The elements of this covariance matrix corresponding to
the parameters reflected the fact the initial estimates of the
parameters were poor. The goal was to steer one of the
(proper) state components to a target value by the terminal
time, which was N=20. This was expressed by a quadratic
term for the terminal state. There was no cost associated

1-------Jp

e _ u HCE
· - uCL

a - local min.or Jc~

10 3 '---_,___
·10

__,,_ __.__ _..___

-5

!i

0

_...._

__,

10

FIRST PERIOD CONTROL

Fig. I. Cost decomposition for a probing-dominated stochastic contro1
problem (terminal guidance for a third-order system with six unknown
parameters).

with the state prior to the terminal time and the cost
weighting of the control, also entering quadratically, was
low.
Fig. 1 presents the plot of the cost decomposition for the
first period control. It can be seen that this is a probingdominated stochastic control problem: the probing component of the cost is approximately 80 percent of the total
cost.
The performance of the wide-sense dual [or closed-loop
(CL)] control described in Section V was compared in [30]
via Monte Carlo runs to the HCE (heuristic certainty
equivalence) where the parameters' estimates w~~e used as
if they were the true values. The observed improvement of
the CL algorithm versus HCE was, from (the modest
number of) 20 Monte Carlo runs, around 85 percent (30].
This fractional improvement is quite close to the share of
the probing cost from the total as indicated above. The CL
controller, via its dual effect helped identify the system,
i.e., it was actively adaptive and this was the key factor in
its better performance. This decomposition, which was not
known at the time of the original work {30), can now be
used to provide the explanation for the observed performance improvement.
An important observation is that the probing component
of the cost is not convex-the parameter identification is
enhanced by large magnit\lde first period control values,
both negative and positive. This lack of convexity of the
probing component leads to local minima, as can be seem
from Fig. I. This phenomenon was pointed Put in [27],
[36]. The behavior of the multiple minima is discussed later
in more detail.
•
I'.~
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Tie example discussed above, which is of the terminal
state penalty type, belongs to the second class of problems,
i.e., probing dominated.

•

_

e _

UCL
UHCE

B. A Caution-Dominated and an Essentially Deterministic
Problem (Econometric Models)

Two additional problems, derived from econometrics are
discussed next. Both are macroeconometric models of the
U.S., derived from the same data but under different
assumptions. For a concise description of the models see
f[9], [ 10). The first econometric model has three states (gross
0
u
national product, investment, and consumption), is driven
by the government expenditures input, and has five unknown parameters characterized by an initial es1imate and
covariance matrix. The second econometric model has 11
states (as above plus increments of these variables and
some lagged values), same input, and three unknown
parameters.
The first model was obtained by Kendrick using ordinary
least squares [17] while the second, more elaborate model,
was obtained by Wall using the full information maximum
FIRST PERIOD CONTROL
likelihood method [34), [35]. The cost was quadratic in the
Fig. 2. Cost decomp<;>sition for a caution-dominated stochastic control
deviations of the three economic variables and the input
problem (tbird-ordef econometric model with five unknown parameters).
from target values along the entire trajectory consisting of
4
seven periods (economic quarters).
10 r - - - - - - - - - - - - - - - - - - ,
The analysis of the cost JcL(O) for the first econometric
model, shown in Fig. 2, points to the fact that this problem
is dominated by the caution term. This is due to the
relatively large uncertainties in the initial parameter estimates. The probing component is negligible- this problem
is completely dominated by the initial uncertainty-it belongs to the first class defined at the beginning of the
section. Note that both the caution as well as the probing
term tend to reduce the value of ucL versus uHCE, i.e., they
fare not conflicting in this case.
0
Fig. 3 shows the cost for the second econometric model.
u
The deterministic component dominates here and ucL(O) is
very close to uHCE(O). The probing component is again
negligible. This problem belongs to the third class- it is
essentially deterministic.
CI)

CI)

C. A Scalar Problem: Parametric Study

of the Cost Shape

Another example of the application of the cost decomposition deals with a scalar linear system over N=2
time periods discussed in [19],

I0'---,~~----,~50------'=170
_ _ ___,

FIRST PERIOD CONTROL

x(k+ 1) =ax(k) +bu(k) +v(k)

k=O, l (6.1)

with a=0.7 known, the unknown input gain b with initial
estimate b(0)=0.6, and variance al(O). The process noise
v(k) is zero mean, white with variance V. The goal is to
keep the state x, which is perfectly observed, around zero.
This is expressed by the quadratic cost

C= l/2Q(2)x 2 (2) + 1/2r[ u2 (0} +u 2 (1)]

(6.2)

with terminal state weighting Q(2) and control weighting
r=O.l. The initial state is x(O)= I.

Fig. 3. Cost decomposition for an essentially deterministic stochastic
control problem (11th-order econometric model with three unknown
parameters).

Fig. 4 presents the cost decomposition at k==O (first
period) for the initial gain uncertainty al(0)=0.52 and
process noise variance V=0.2 and terminal state weighting
Q(2)= 10. The probing component of the cost, which varies
drastically with the control, yields two minima for the total
cost. It is of interest to see how these minima behave as the
terminal state weighting changes. This is illustrated in Fig.
5. For even larger terminal weighting the tw5> minima get
further apart while for a lower weighting, Q(2)= 1, there is
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Cost decomposition for a two-stage problem with unknown
input gain (scalar system).
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Fig. 6. Effect of the anticipated future learning on the control (scalar
system).

and various values of V. For large process noise variance,
less learning is anticipated and the cost curve is relatively
flat, even though it has two minima, wide apart. For low
process noise variance the cost curve has a very high
maximum at u(O)=O (when no learning of b occurs) and
then two sharp minima around this point.

Q(2)• 1000

0(2)• 100

VII.

CONCLUSIONS
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____,
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Fig. 5. The closed-loop cost for various terminal state weightings (scalar
system).

only one minimum left. In this latter case the lighter
terminal penalty does not justify a major control effort to
identify accurately the parameter b and uCL is quite close
to UHCE.
Another aspect of interest is how the anticipated future
learning changes the present behavior of the CL controller.
To this purpose the variance of the process noise was
varied. Fig. 6 shows the costJCL(O) for Q(2)= 1000, =2,

at

While still very few stochastic control problems have
been solved optimally, insight into such problems can be
gained by using the decomposition of the expected cost.
This decomposition, based on the stochastic dynrumc programming, yields three cost components: one deterministic
and two stochastic ones. The stochastic terms quantify the
effect of the various uncertainties on the performance
index. The effects these stochastic terms have been associated with Feldbaum's concepts of caution and probing.
Furthermore, this decomposition revealed three classes of
stochastic control problems: caution dominated, probing
dominated, and essentially deterministic. This, admittedly
fuzzy, classification pointed out that. there are stochastic
control problems where significant improvements can be
expected when using an appropriate sophisticated control
algorithm. The examples show that one can assess, before
extensive simulations, whe\tier significant performance improvement can be expected in a stochastic control problem.
It has also been shown that the various cost components
can vary drastically with changes in the performance index
weightings. The probing component of the ~~-t can be
nonconvex thus leading to local minima irt Che total cost.

...........

1194

IEEE

TRANSACTIONS ON AUTOMATIC CONTROL, VOL, AC·26, NO. 5, OCTOBER 198)
[3]

APPENDIX
SIMPLE EXAMPLES OF PROBING AND CAUTION

[4]

Consider the scalar system

x(k+ l) =ax(k )+bu(k) +v(k)

(A.I)

with a known, b an unknown parameter with prior mean
6(0) and variance al(O), and v(k) a zero-mean white noise
sequence with variance aJ. Letting

(A.2)
i.e., perfect state observations, it follows that the uncertainty about parameter b at time k + 1 is, from a standard least-squares argument, dependent on the eontrol at k
as follows:

al(k )a;
ab k+ 1 - ab2( k ) u 2( k ) +a 2 ·
0
2(

)-

[5]
[6]
[7]
[8]
[9]

[10]
(11]

(A.3)

[12]
[13]

This clearly illustrates the control's dual effect, in addition
to its effect on the state the control also affects the future
information accuracy.
Consider next the same system with the (one-step horizon or myopic) cost
2

2

C(k )=x (k+ 1) +:>tu (k ).

(A.4)

The control that minimizes

[14]
(15]
[16]
{17]

(18]

J(k) =E{ C(k )Ilk}

(A.5)

(19]
[20]

can be obtained easily as

[21]

ax(k)b(k)
u*(k)=- b2 (k)+o;(k)+X

(A.6)

[23]

Note that, because of the myopicity of the cost (A.4), this
controller ignores any possibility of learning. On the other
hand, because of the uncertainty in b, this control can be
very cautious-a large variance at(k) can decrease significantly the value of the control in (A.6) compared to the
case where there is no uncertainty in b or when this
uncertainty is ignored as an HCE controller would do

HCE( )

u

ax(k)b(k)

k =- /)2(k)+X .

{22]

(A.7)

The optimal myopic controller (A.6) can then exhibit the
tum-off phenomenon [15], [36]-:-it can be small because of
large uncertainty in band this will then prevent, according
to (A.3), the reduction of this uncertainty.
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A Multiobjective Dynamic Programming
Method for Capacity Expansion
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A bstract-Tids paper integrates two existing methodologies- a singleobjective dynamic programming method for capacity expansion and the
surrogate worth tradeoff (SWT) method for optimizing multiple objectives
-into a unified schema. In particular it shows 1) how a multiobjective
mixed integer programming formulation representing the multiobjective
capacity expansion problem can be translated into a multiobjective dynamic
programming formulation, 2) how such DP formulation can be used to
generate noninferior solutions, and 3) how tradeoff information can be
obtained from solutions in 2). The necessary theoretical machinery for 3) is
developed. To demonstrate the computational viability of the proposed
schema, an example problem is formulated and solved.
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I.

INTRODUCTION

T construction,
HE PROBLEM of optimal scheduling, sequencing,
and capacity expansion of water resource
projects, energy generation, and storage units, etc., has
been on the planners' agenda for a long time. For simplicity, the above problem will be referred to here as the
"capacity expansion" problem. Numerous mathematical
models addressing this problem have been suggested in ·the
literature.
This paper extends a well-documented dynamic programming schema for optimal scheduling, sequencing, and
capacity expansion of water resource projects from a single
objective function to multiple objective functions. The
extended schema- multiobjective dynamic programming
-incorporates fixed as well as variable cost elements
associated with the candidate projects, as well as other
relevant planning objective_~.
To develop the multiobjective dynamic programming
(MODP) schema for the capacity expansion problem in a
pedagogical way, it is imperative that two other methodolo-
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