
*Corresponding author. Tel.: 3131748294; fax: 31317484819.
E-mail addresses: gerard.vanwilligenburg@user.aenf.wau.nl (L. G.

Van Willigenburg), w.l.dekoning@math.tudelft.nl (W. L. De Koning).
�This paper was not presented at any IFAC meeting, this paper was

recommended for publication in revised form by Associate Editor
Per-Olof Gutman under the direction of Editor Tamer Basar.

Automatica 38 (2002) 157}165

Brief Paper

Minimal and non-minimal optimal "xed-order compensators
for time-varying discrete-time systems�

L. G. Van Willigenburg��*, W. L. De Koning�

�Systems and Control Group, Wageningen University, Agrotechnion, Bomenweg 4, 6703 HD Wageningen, Netherlands
�Faculty of Information Technology and Systems, Delft University of Technology, P.O. Box 5031, 2628 CD Delft, Netherlands

Received 28 September 1998; revised 11 June 2000; received in "nal form 6 July 2001

Abstract

Using the minimality property of "nite-horizon time-varying compensators, established in this paper, and the Moore}Penrose
pseudo-inverse instead of the standard inverse, strengthened discrete-time optimal projection equations (SDOPE) and associated
boundary conditions are derived for "nite-horizon "xed-order LQG compensation. They constitute a two-point boundary value
problem explicit in the LQG problem parameters which is equivalent to "rst-order necessary optimality conditions and which is
suitable for numerical solution. The minimality property implies that minimal compensators have time-varying dimensions and that
the "nite-horizon optimal full-order compensator is not minimal. The use of the Moore}Penrose pseudo-inverse is further exploited
to reveal that the optimal projection approach can be generalised, but only to partially include non-minimal compensators.
Furthermore, the structure of the space of optimal compensators with arbitrary dimensions is revealed to a large extent. Max}min
compensator dimensions are introduced and their signi"cance in solving numerically the two-point boundary value problem is
explained. The numerical solution is presented in a recently published companion paper, which relies on the results of this
paper. � 2001 Elsevier Science Ltd. All rights reserved.
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1. Introduction

It is well known that the optimal full-order LQG
compensator realises the best performance obtainable
with any compensator, regardless of its dimensions
(Kwakernaak & Sivan, 1972). Therefore, in practice
a priori "xed compensator dimensions will always be
chosen less than those of the system. Then optimal "xed-
order compensator design becomes optimal reduced-or-
der compensator design. Given the practical objective to
reduce the dimensions of the compensator, minimal com-
pensators are the interesting ones. In addition, in the
time-invariant in"nite-horizon case the minimality of the
compensator enables the use of the standard inverse in

deriving the optimal projection equations (Hyland &
Bernstein, 1984). As demonstrated in this paper, the use
of the Moore}Penrose pseudo-inverse, which is needed
in the time-varying case, signi"cantly complicates the
derivation.

Given the restriction to minimal compensators, the
practical problem with the pre-speci"cation of compen-
sator dimensions is that the optimal compensator with
these pre-speci"ed dimensions may not be minimal
(Yousu! & Skelton, 1984; Van Willigenburg & De
Koning, 2000). Therefore, an important issue is the
selection of prescribed compensator dimensions which
guarantee a priori the minimality of the optimal compen-
sator. This issue is resolved in this paper using the notion
of max}min compensator dimensions, established in this
paper. This constitutes one of the main practical result of
this paper.

Except for the companion paper, Haddad and Tadmor
(1993) seem to be the only one who applied the optimal
projection approach to a xnite-horizon "xed-order prob-
lem. In this case, in addition to the optimal projection
equations, boundary conditions determine the "rst-order
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necessary optimality conditions, which now constitute
a two-point boundary value problem. Haddad and Tad-
mor (1993), who considered the continuous time-varying
case, could not specify the boundary conditions in terms
of the parameters making up the problem. This prevents
the development of numerical algorithms. In this paper,
this problem is explained and resolved by introducing
a "nite-horizon minimality property and by using the
Moore}Penrose pseudo-inverse. This constitutes another
main practical result of this paper. The use of the
Moore}Penrose pseudo-inverse is further exploited to
largely reveal the structure of the space of optimal com-
pensators. This is the main theoretical result of the paper.

For the problem formulation and several other impor-
tant results we refer to the companion paper (Van Will-
igenburg & De Koning, 1999a). Although the results of
this paper also apply to systems with white parameters,
considered in the companion paper, to simplify the nota-
tion we will consider systems with deterministic param-
eters here. In that case, all terms in the companion paper
involving a tilde should be deleted and also all the over-
bars appearing above matrix expressions. The cross
covariance matrix of the system and the cross term in the
criterion are also deleted. Then the notation complies
with the one used in this paper.

2. Minimality of 5nite-horizon time-varying discrete-time
compensators

Consider the following deterministic time-varying
compensator de"ned over a "nite horizon:
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Denote this compensator by (x(
�
,F�,K�, ¸�).

A non-zero initial condition x(
�

and the boundary
condition x(

�
complicate the de"nition of a minimality

property over a "nite horizon. From Eq. (5) observe that
x(
�

does not in#uence the input}output behaviour of the
compensator (x(

�
,F�,K�, ¸�), so its minimal dimension

n�
�

"0. Since x(
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is deterministic, at time i"0 a basis
transformation exists such that at most one compensator
state variable of the transformed xL

�
is unequal to zero.

Therefore, n�
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preserves the input}output behaviour.
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Based on Eq. (2) de"ne
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Eq. (7) may be interpreted as a grammian associated
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ing two lemmas are immediate.

Lemma 1. (0,F�,K�) reachable �=
���

full rank
∀ i3[1,N]. Dually (F�, ¸�) observable �M

���
full rank

∀ i3[0,N!1]

Lemma 2. (1) The xrst term on the right in Eq. (2)
lies inside the hyperplane with dimension n��

�
(n�

�
deter-

mined by the second term on the right in Eq. (2)
Nrank(=�

���
)"n��

�
(n�

�
, i3[1,N].

(2) The xrst term on the right in Eq. (2) lies out-
side the hyperplane with dimension n��

�
(n�

�
determined

by the second term on the right in Eq. (2)
Nrank(=�

���
)"n��

�
#1)n�

�
, i3[1,N].

(3) The second term on the right in Eq. (2) spans the full
state-space R�

�
�Nrank(=�

���
)"n�

�
, i3[1,N].

From Lemma 2 and the analysis following De"nition
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compensator state variables needed to describe the
reachable space at time i3[1,N].
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It is well known that the reachability and observability
grammian (6), (8) can be given in recursive form as
follows:
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Similar to (9) the recursive form of (7) is given by

=�
�����

"F
�
=�

���
F�

�
#K

�
K�

�
, i"0,1,2,N!1,

=�
���

"x(
�
x( �
�
3R�

�
���

�
� . (11)

Eqs. (9) and (11) are identical except for the initial value
0 which is changed into x(
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From Eq. (13) and De"nition 4 the dimensions of a min-
imal compensator satisfy
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On the other hand if (x(
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sator such that it is minimal. Eqs. (14) and (13b) imply
that the change of the dimension of the state of a minimal
compensator, from one discrete-time instant to the next,
is bounded from above and below.

3. First-order necessary optimality conditions

Similar to Haddad and Tadmor (1993), Van Willigen-
burg and De Koning (2000) "rst-order necessary
optimality conditions for the solution of the optimal
"xed-order compensation problem can be presented in
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The six dynamic equations with boundary conditions at
the initial and "nal time are
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The two-point boundary value problem (15) is stated
explicitly in terms of the problem parameters. Apart from
the time-varying nature and the dependence on bound-
ary conditions (15) strongly resembles the optimality
conditions in the in"nite-horizon time-invariant case
(Van Willigenburg & De Koning, 2000). Therefore, our
main theorem is obtained through the generalisation of
results presented by Haddad and Tadmor (1993) and
Van Willigenburg and De Koning (2000). Since the proof
of the main theorem in this section requires the use of the
Moore}Penrose pseudo-inverse, instead of the standard
inverse, the following generalised lemma is needed.

Lemma 3 (Generalisation of Lemma 1 in Van Willigen-
burg & De Koning, 1999a). Suppose PK ,SK 3R��� are
symmetric non-negative dexnite and rank(PK SK )"r�. Let
G,H3R�

�
��, n�*r� be equal to those in Lemma 1 of the

companion paper extended with n�!r� rows of zeros. Then
from Lemma 1 in the companion paper,
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The matrix pair G, H and also all matrix pairs AG, AH,
where A3R�

�
��

� is an arbitrary unitary matrix, are called
generalised projective factorisations of PK SK . They all satisfy
equation (16). So up to unitary basis transformations in
R�

� all possible projective factorisations in Lemma 1 of the
companion paper correspond one to one with all generalis-
ed projective factorisation in this lemma.

In the optimal "xed-order compensation problem the
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, i"0,1,2,N of the compensator are

a priori "xed. However, we may investigate whether
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i"0,1,2,N is a global or local minimum of the asso-
ciated "xed-order compensation problem, i.e. with pre-
scribed compensator dimensions n�

�
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determined by the compensator under investigation.
From here on, unless stated otherwise, this viewpoint will
be adopted. Given the LQG problem the recursions
(15e)}(15j) can be computed for arbitrary compensators,
with arbitrary dimensions n�

�
, i"0,1,2,N, irrespective

of whether (15a)}(15d) are satis"ed.
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where P�
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, i"0,1,2,N are determined by recursions

(15e)}(15j). Let �
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denote the set of minimal compen-
sators in the sense of De"nition 4.

De5nition 6. Let � denote the set of all compensators
(x(
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, F�, K�, ¸�) with arbitrary dimensions n�
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i"0,1,2,N which satisfy the "rst-order necessary
optimality conditions (15). Let �
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The set �
�

is fully characterised in Section 4. It con-
tains all minimal compensators and some, but not all,
non-minimal compensators with arbitrary dimensions.
Therefore �M�
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. From Theorems 3 and 5 in

Section 4, similarly, �M�
�
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and from De"nition
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. Theorem 1 in the

companion paper presented the SDOPE and associated
boundary conditions which determine the set �

��	
. The

next theorem generalises this theorem and determines the
set �

�
which also includes some, but not all, non-minim-

al optimal compensators.

Theorem 1 (Generalisation of Theorem 1 in Van Will-
igenburg and De Koning, 1999a). The theorem is identical
to Theorem 1 in Van Willigenburg and De Koning (1999a)
when minimality of the compensator, i.e. (x(
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, F�, K�,

¸�)3�
��	

is replaced with pseudo-minimality of the
compensator, i.e. (x(
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, F�, K�, ¸�)3�
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and when the
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projective factorisations of Lemma 1 in the companion
paper are replaced with the generalised projective fac-
torisations in Lemma 3 of this paper. Furthermore,
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Proof. The proof is analogous to proofs presented in
Haddad and Tadmor (1993) and Van Willigenburg and
De Koning (2000) with the standard inverses P�

�
��, S�

�
��

replaced by the Moore}Penrose pseudo-inverses P�
�
�,

S�
�
�. In general, this substitution will not yield the same

results. Since Theorem 1 is restricted to the set �
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,
relations (17) hold, which reensure the validity of the
proof with the following single modi"cation
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In Section 4, it will appear that Eq. (19) de"nes precisely
the generalised projective factorisation in Lemma 4 and
that this factorisation implies in turn, that the compen-
sators in Theorem 1, satisfy (17), i.e. are all elements of
�

�
. The complete proof of Theorem 1 is documented in

Van Willigenburg and De Koning (1999b). �

The inequality in (18a) generalises the SDOPE to also
include non-minimal optimal "xed-order compensators.
In Section 5, it will be proved that r�

�
, i"1,2,2,N!1 in

(18a) can be interpreted as the dimensions of a minimal
realisation of a compensator that satis"es Theorem 1.
Therefore, the inequality in (18a) implies that non-min-
imal realisations within the set �

�
, of all minimal locally

optimal compensators having dimensions less than n�
�
,

satisfy the "rst-order necessary optimality conditions. In
Section 4, it is investigated as to which of all these
solutions are the interesting ones in terms of the perfor-
mance. From (18a) and Lemma 3, rankH
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"r�
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, so
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"0 if and only if x�
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"0. Then Eq. (18b) complies with

Eq. (13a).

4. Relating all compensators to the optimal projection
approach

In this Section all compensators with arbitrary
dimensions n�
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, i"0,1,2,N are related to the optimal

projection approach through generalised basis trans-
formations, introduced in this section. Furthermore, the
set �

�
, to which Theorem 1 is restricted, is fully charac-

terised and so are all solutions of Theorem 1,
i.e. the set �

�
. Also, it will be shown that

r�
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, i"1,2,2,N!1 in Theorem 1 can be interpreted as

the dimensions of a minimal realisation of the optimal
compensator.
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transformations of the compensator state-space at the dis-
crete-time instants i"0,1,2,N. �

�
��

��	
, �

�
��

��	
are

invariant under unitary basis transformations of the com-
pensator state-space.

Proof. For � the result is trivial. Let

A
�
, i"0,1,2,N (20a)

describe basis transformations at the time instants i
which transform (x(

�
, F�, K�, ¸�) into (x( �

�
, F��, K��, ¸��)

given by

F�
�
"A

���
F
�
A��

�
, K�

�
"A

���
K

�
, ¸�

�
"¸

�
A��

�
,

x( �
�
"A

�
x(
�
. (20b)

If (x(
�
, F�, K�, ¸�)3� it satis"es Eq. (15). Then

(x( �
�
, F��, K��, ¸��)3� because (15) is satis"ed with

P�
�
�"P�

�
, P�

�
��"P��

�
A�

�
, P�

�
�"A

�
P�

�
A�

�
,

(20c)
S�
�
�"S�

�
, S�

�
��"S��

�
A��

�
, S�

�
�"A��

�
S�
�
A��

�
,

where � refers to values corresponding to (x( �
�
, F��, K��,

¸��). Then, for �
��	

and �
��	

the result follows from
the fact that rank (=�

���
) and rank (M

���
), i"0,1,2,N

are invariant under basis transformations of the compen-
sator state-space. For �

�
��

��	
, �

�
��

��	
, the result

follows from (17) and the fact that for unitary
matrices A

�
, S�

�
��"(A��

�
S�
�
A��

�
)�"A��

�
S�
�
�A��

�
and

P�
�
��"(A

�
P�
�
A�

�
)�"A

�
P�
�
�A�

�
. �

Theorem 3. If the system has the properties =
�
'0,

i"0,1,2,N!1, then rank=�
���

"rankP�
�
, i"0,1,2,N

where =�
���

is the grammian, given by Eq. (11), of the
compensator. Dually if the criterion has the property
R

�
'0, i"0,1,2,N!1 then rankM

���
"rankS�

�
,

i"0,1,2,N where M
���

is the observability grammian,
given by Eq. (10), of the compensator.

Proof. Using Kreindler and Jameson (1972), from (15j) it
follows that

P�
���

"(F
�
#K

�
C

�
P��
�
P��

�
)P�

�
(F

�
#K

�
C

�
P��
�
P��

�
)�

#K
�
[C

�
(P�

�
!P��

�
P��

�
P���

�
)C�

�
#=

�
]K�

�
,

i"0,1,2,N!1, P�
�
"x(

�
x( �
�
, (21)

where P�
�
!P��

�
P�
�
�P��

�
�*0. Given the conditions

P�
�
!P��

�
P�
�
�P��

�
�*0, =

�
'0 it follows from Eqs. (11)

and (21) that rank (=�
���

)"rank (P�
�
), i"0,1,2,N. �

Eqs. (11) and (21) reveal that, under the conditions of
Theorem 3, the propagation of P�

�
, the second moment of

the compensator which is determined by the closed-loop
system, and the propagation of=�

���
, which is determined
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by the compensator alone, are almost identical. Dually,
this holds for the propagation of S�

�
, which is determined

by the dual closed-loop system and M
���

, which is deter-
mined by the compensator alone. This similarity will be
used to interpret the next, in De"nitions 7}10 to be
composed transformations � and �, as a procedure to
obtain a minimal realisation of a compensator. The
transformations � and � reveal connections between,
and properties of, the sets �

�
, �

��	
, �

�
and �

��	
.

De5nition 7 (Generalised basis transformation �
�
). De-

"ne the transformation �
�
C

	
PC�

	
which transforms

the arbitrary compensator C
	

"(x(
�
, F�, K�, ¸�) into

compensator C�
	

"(x( �
�
, F��, K��, ¸��) with the same

dimensions. The transformation is determined by P�
�
,

i"0,1,2,N obtained from recursions (15h)}(15j) for
the compensator C

	
"(x(

�
, F�, K�, ¸�). Consider the

following singular value decompositions of the non-nega-
tive symmetric matrices P�

�
, i"0,1,2,N,

P�
�
"A

�
D

�
A�

�
, i"0,1,2,N. (22)

D
�

are diagonal with the non-zero elements appearing
"rst on the diagonal. A

�
, i"0,1,2,N are unitary ma-

trices which determine unitary basis transformations,

x( �
�
"A��

�
x(
�
"A�

�
x(
�

(23a)

such that,

P�
�
�"x( �

�
x( �
�
�"A�

�
P�

�
A

�
"D

�
"�

D
��

0

0 0�,

D
��
3R


�
��


�
� , r�

�
"rank (P�

�
))n�

�
, (23b)

where D
��
3R


�
��


�
� are diagonal and full rank, x( �

�
is the

compensator state after the basis transformations and
P�
�
� its second moment matrix. Eq. (23b) implies that the
"nal n�

�
!r�

�
components of x( �

�
are zero with probability

one. Therefore,

P�
�
��"[P�

�
��� 0], P�

�
��


3R���

�
� and full rank,

i"0,1,2,N (23c)

and, without a!ecting the input and the output, we may
set to zero the "nal n�

���
!r�

���
rows and "nal n�

�
!r�

�
columns of F�

�
and the "nal n�

�
!r�

�
columns of ¸�

�
. This is

compensator C�
	

"(x( �
�
,F��,K��, ¸��).

De5nition 8 (Generalised basis transformation �
�
). The

transformation �
�
C

	
PC�

	
is the dual of the one in

De"nition 7, i.e. A
�
, i"0,1,2,N are now associated

with singular value decompositions of S�
�
, i"0,1,2,N,

obtained from the recursions (15e)}(15g) and the "nal
n�
���

!r�
���

rows and "nal n�
�
!r�

�
columns of F�

�
and the

"nal n�
���

!r�
���

rows of K�
�

are set to zero.

De5nition 9. De"ne the composite transformation
�C

	
PC�

	
: C�

	
"�

�
�

�
C

	
.

De5nition 10 (Generalised basis transformation �). �C
	

drops the "nal zero rows and columns of compensator
C

	
while leaving one column of zeros for F

�
and one

column of zeros for ¸
�

if x(
�
"0.

De5nition 11. Two compensators are equivalent if their
input}output behaviour over [0,N] is identical.

Theorem 4. The transformations�C
	
and��C

	
have the

following properties:

J
�

(��C
	

)"J
�

(�C
	

)"J
�

(C
	

), (24a)

C
	

3�N�C
	

3�
�

, C
	

3�
�

N�C
	

3�
�

, (24b)

C
	

3�N�C
	

3�
�

, C
	

3�
�

N�C
	

3�
�

(24c)

and, under the conditions of Theorem 3,

C
	

, �C
	

, ��C
	

are equivalent, (24d)

��C
	
is a minimal realisation of C

	
in the sense

of De,nition 4. (24e)

Proof. From De"nitions 7}10 �C
	

and ��C
	

preserve
the input}output behaviour of the compensator within
the closed-loop system and so the performance. This
implies (24a). To prove (24b) observe from (23b), (23c)
and (20) that the compensator �

�
C

	
satis"es

F
�
P�
�
P��

�
"F

�
, i"0,1,2,N and (17b). Dually, the com-

pensator �
�
C

	
satis"es S��

�
S�
�
F
�
"F

�
, i"0,1,2,N and

(17c). Then from De"nition 9, the compensator �C
	

satis"es (17). To prove (24c), note that �
�
, �

�
and

� consist of only unitary basis transformations and zero-
ing procedures. From Lemma 4, the former preserve
optimality. After the unitary basis transformation (23a) of
�

�
, if the optimality conditions (15) hold, given (23b),

(23c), Eq. (15) is una!ected by the zeroing procedure of
�

�
. Dually, the same applies to the zeroing procedure

of �
�
.

To prove (24d), (24e) note that if the transformation
�

�
in De"nition 7 is based on singular value decomposi-

tions of =�
���

, instead of P�
�
, i"0,1,2,N and dually if

�
�

in De"nition 8 is based on singular value decomposi-
tions ofM

���
, instead of S�

�
, i"0,1,2,N, then, similar to

the time-invariant case (Kwakernaak & Sivan, 1972), the
composite transformation �, when followed by the trans-
formation �, is a procedure to obtain a minimal realisa-
tion of the compensator. Under the conditions of
Theorem 3 the replacement of =�

���
by P�

�
in the trans-

formations �
�

and dually of M
���

by S�
�

in the trans-
formation �

�
, respectively, do not alter this result. �
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Theorem 5. Under the conditions of Theorem 3,
r�
�
i"1,2,2,N!1 in Theorem 1 represent the dimen-

sions of a minimal realisation of the optimal compensator.

Proof. Follows directly from the "nal part of the proof of
Theorem 4. �

The next lemma and theorem enable a complete char-
acterisation of the set �

�
, to which Theorem 1 is re-

stricted, and also of the set �
�

containing all solutions of
Theorem 1.

Lemma 5. Elements of �
�

, de"ned by Eq. (17),
(15e)}(15j), have the property,

S��

�
S�
�
"P�

�
P��

�
, i"0,1,2,N. (25)

Proof. The result is a direct consequence of (17),
(15e)}(15j). �

Theorem 6. The set �
�

��
��	

, apart from unitary basis
transformations, contains minimal compensators extended
with rows and columns containing only zeros. The set
�

�
��

��	
, apart from unitary basis transformations, con-

tains minimal locally optimal compensators extended with
rows and columns containing only zeros.

Proof. From Lemma 4, �
�

��
��	

and �
�

��
��	

are in-
variant under unitary basis transformations. Then, from
Lemma 4 and Eq. (23c), the unitary basis transformations
(23a) of De"nition 7 transform any element of �

�
��

��	
into an equivalent element of �

�
��

��	
being a minimal

compensator extended with rows and columns contain-
ing only zeros. The same holds for elements of
�

�
��

��	
. �

Remark 1. In the singular case, i.e. when the conditions
=

�
'0, R

�
'0 from Theorem 3 are no longer satis"ed,

rank (=�
���

)"rank (P�
�
) and rank (M

���
)"rank (S�

�
), i"0,

1,2,N can no longer be guaranteed. In that case the
transformation � followed by � preserves performance,
local optimality and input}output behaviour of the com-
pensator within the closed-loop system, but not necessarily
the input}output behaviour of the compensator alone.

5. The optimal full-order compensator, max}min
compensator dimensions and numerical considerations

In this section, the "nite-horizon optimal full-order
compensator will be considered, which does not belong
to the set �

�
and so falls outside the scope of Theorem 1.

Using a minimal realisation of the optimal full-order
compensator it is investigated which solutions of

Theorem 1 are the interesting ones in terms of the perfor-
mance and the minimality of the compensator. The inter-
esting solutions turn out to be compensators with
max}min dimensions, introduced in this section. The
importance of max-min dimensions in choosing suitably
the prescribed compensator dimensions and in solving
numerically the optimal "xed-order compensation prob-
lem is explained. The choice of suitable prescribed com-
pensator dimensions is illustrated with an example.

Theorem 7. The xnite-horizon optimal full-order compen-
sator, i.e. with n�

�
"n

�
, i"0,1,2,N, which is globally

optimal, is the unique compensator that satisxes the xrst-
order necessary optimality conditions (15) and the condi-
tions P�

�
"P��

�
, S�

�
"!S��

�
. It belongs to the set ���

�
.

Proof. After the substitution of the optimal full-order
compensator matrix expressions in the "rst-order neces-
sary optimality conditions (15) these are satis"ed with
P�
�
"P��

�
, S�

�
"!S��

�
. These equalities are the ones that

ensure the global optimality of the full-order compen-
sator, since they state that x(

�
, i"0,1,2,N is the

minimum variance estimator of x
�
, i"0,1,2,N and

similarly for the dual compensator. Since the minimum
variance estimator of x

�
, i"0,1,2,N is unique, no other

compensators exist that satisfy both P�
�
"P��

�
,

S�
�
"!S��

�
and the "rst-order necessary optimality con-

ditions.
Given the optimal full-order compensator matrix ex-

pressions and the equalities P�
�
"P��

�
, S�

�
"!S��

�
,

SDOPE are obtained in which G
�
, H

���
, ��

�
,��

���
,

i"0,1,2,N!1 and �

�

, i"0,1,2,N no longer
appear (Van Willigenburg & De Koning, 1999b). Due
to this Eqs. (10e), (10f) of the companion paper be-
come the well-known uncoupled estimation and con-
trol Riccati equations of full-order control. In all other
cases the SDOPE are intrinsically coupled, except when
P�
�
, S�

�
, or equivalently �

�
, i"0,1,2,N, are full rank. The

latter is prevented by the boundary conditions (18b). �

Let n�
�

, i"0,1,2,N represent the dimensions of
a minimal realisation of the optimal full-order compen-
sator. Given the global optimality of the "nite horizon
optimal full-order compensator it is no use choosing
n�
�
'n�

�
for some i.

De5nition 12. The dimensions n��
�

, i"0,1,2,N of com-
pensator 1 are called less than the dimensions
n��
�

, i"0,1,2,N of compensator 2 if n��
�

)n��
�

,
i"0,1,2,N and if n��

�
(n��

�
for at least one i.

Conjecture 1. The minimum costs, obtainable with a minim-
al compensator with dimensions n�

�
)n�

�
, i"0,1,2,N,

increase, if the dimensions of the minimal compensator
decrease.
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Table 1
Choice of max}min compensator dimensions from n�

�
, l
�
,m

�
,

i"0,1,2,N

i 0 1 2 3 4 5

n�
�

1 2 3 4 2 0

l
�

o#1 o#1 o#1 o#1 o#1

m
�

�
#2 �

#2 �
#2 �

#2 �
#2

n�
�

1 1 2 3 2 0
n�
�
� 1 2 3 3 1 0

n	
�
� 1 1 3 2 1 0

Theorem 8. Assume conjecture 1 holds. Then, if the
prescribed compensator dimensions satisfy n�

�
)n�

�
,

i"0,1,2,N, Eq. (13) and n�
�
"1 and n�

�
"0 the global

optimal compensator of the associated optimal xxed-order
compensation problem is minimal.

Proof. From Conjecture 1 and Theorem 5, the interest-
ing solutions of Theorem 1 are those with maximal values
r�
�
, i"1,2,2,N!1, in the sense of De"nition 12. These

maximal values of r�
�
, i"1,2,2,N!1 are the maximal

dimensions of a minimal compensator and are therefore
called max}min dimensions associated with the pre-
scribed compensator dimensions n�

�
, i"1,2,2,N!1. If

these max}min dimensions equal the prescribed dimen-
sions n�

�
, i"1,2,2,N!1, this guarantees that the

global optimal "xed-order compensator is minimal if,
according to De"nition 4, in addition n�

�
"1 and n�

�
"0.

The latter is the case if the conditions in Theorem 8 are
satis"ed. �

De5nition 13. Compensator dimensions that satisfy the
conditions of Theorem 8 are called max}min compensator
dimensions.

Example 1. Choice of max}min compensator dimen-
sions.

Consider a conventional "nite-horizon discrete-time
LQG problem with n

�
"4, m

�
"2, l

�
"1, i"0,1,2,N,

N"5. Note that the dimensions n�
�

, i"0,1,2,N of
a minimal realisation of the optimal full-order compen-
sator should satisfy (13), with n�

�
replaced by

n�
�

, n�
�

)n
�
, i"0,1,2,N and n�

�
"1 and n�

�
"0. As-

sume that n�
�

, i"0,1,2,N equal, respectively,
1,2,3,4,2,0. Then Table 1 is helpful to choose max}min
compensator dimensions.

The second row, i.e. n�
�

, i"0,1,2,N in Table 1 rep-
resents maximum values allowed for n�

�
, i"0,1,2,N.

According to Eq. (13) the third row i.e. l
�
, i"0,1,2,N

represents the maximum increase allowed for n�
�
,

i"0,1,2,N when stepping forward in time while the
fourth row, i.e. m

�
, i"0,1,2,N represents the maximum

increase allowed for n�
�
, i"0,1,2,N when stepping

backward in time. The "fth and sixth rows n�
�
, n�

�
�,

i"0,1,2,N represent two possible choices of max}min
compensator dimensions while the seventh row
n	
�
�, i"0,1,2,N represents compensator dimensions

that are not max}min dimensions because the increase of
n	
�
� from i"1 to 2 exceeds the bound l

�
"1. Observe

from De"nition 4 and Eq. (13), that when x(
�
"0, the "rst

element of the third row in Table 1, instead of l
�
, is equal

to l
�
!1.

Remark 2. The results presented in this paper
also apply to the in"nite-horizon time-invariant case,
when the time indices are removed everywhere, and
also the boundary conditions. Eq. (13) becomes

0)r �)min(n�, n) and one should select n� such that
0)n�)n�. In the in"nite-horizon time-invariant case
the optimal full-order compensator is usually minimal,
i.e. n�"n, but may not be minimal, even if the system is
minimal (Yousu! & Skelton, 1984; Van Willigenburg
& De Koning, 2000).

6. Conclusions

The computation of optimal "xed-order compensators
based on the SDOPE should be performed as follows.
First, the dimensions of a minimal realisation of the
optimal full-order compensator must be computed.
Given these, the prescribed compensator dimensions in
the "xed-order case should be max}min dimensions that
can be chosen based on a simple table, introduced in this
paper. This guarantees that the global optimum is a min-
imal compensator, i.e. a compensator that satis"es the
SDOPE in Theorem 1 with r�

�
"n�

�
, i"1,2,2,N!1. In

the in"nite-horizon time-invariant case the full-order
compensator is usually minimal while in the "nite-hor-
izon time-varying case it never is. Then the choice of
max}min compensator dimensions becomes crucial. The
reason is that in the "nite-horizon case at the boundaries
the dimensions of a minimal compensator drop in one or
several time steps. In the continuous-time case this drop
occurs instantaneously. Then, from the results in this
paper, the problem met by Haddad and Tadmor (1993)
can be overcome in a similar manner.

In deriving the SDOPE the drop of the dimension of
a "nite-horizon minimal compensator at the boundaries
required the use of the Moore}Penrose pseudoinverse.
The use of the Moore}Penrose inverse was further ex-
ploited to reveal that the optimal projection approach
can be generalised, but only to partially include non-
minimal compensators. Also the structure of the space of
optimal compensators was revealed to a large extent.

Within the problem formulation time-varying dimen-
sions of the system state, the input and the output are
allowed. Time-varying dimensions of the input, the out-
put and the system state, arise in digital control problems
if the sampling is performed asynchronously (Van
Willigenburg & De Koning, 1995), or in fault tolerant
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systems (Garg & Hedrick, 1993). The companion paper
treated the numerical solution of the SDOPE and the
generalisation to systems with white parameters for
which the results of this paper also apply.
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