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ABSTRACT 

J~rgensen, S.E., 1976. A model of fish growth. Ecol. Modelling, 2: 303--313. 

A fish model based upon mass balances is set up. Several of the parameters have been 
determined by experiment. The remaining parameters are based upon literature values 
and it was not necessary to find any parameter by calibration. The model was validated 
with a completely acceptable result. 

The model includes equations giving the fish growth, the production of ammonia and 
organic matter, the oxygen consumption, and the influence of the temperature. 

The model can be used for management of fish farms and as a submodel for a total 
aquatic system. 

INTRODUCTION 

A mode l  o f  fish g rowth  has, besides scientific interest ,  also a possible ap- 
pl icat ion in two  connex ions :  

(1) As s u b m o d e l  in an ecological  to ta l  mode l  o f  an aquat ic  env i ronment .  
(2) For  m a n a g e m e n t  of  fish farms. 
The  mode l  set up  is cons idered  in the first place to  be used for  manage- 

m e n t  purposes ,  bu t  also some indicat ions  o f  its use as submode l  in a to ta l  
m o d e l  o f  an aquat ic  env i ronmen t  will be given. 

THE MODEL 

The  mode l  set up  is based u p o n  the  principles o f  mass balance,  which  have 
already been applied in this c o n t e x t  by Pfit ter (1920) .  
As shown in Fig. 1 the feed,  F is divided into 

(1) feed which  is b iochemica l ly  oxid ized  for  metabo l i sm (RE),  
(2) feed which  is n o t  digested (NDF(F -- NUF)),  
(3) feed which  is used as energy for  assimilation (ALG),  
(4) surplus feed which  c a n n o t  be util ized (NUF), and 
(5) g rowth  = increase o f  biomass  (dW/dt).  
The equa t ions  o f  the mode l  are shown in Table I, and Table II gives a list 
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T A B L E  I 

E q u a t i o n  

A 

(1) 

( 2 )  

(3 )  

(4)  

(5)  

(6)  

(7)  

(8 )  
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(9) 

C_ 

(10 )  

(11) 
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(12) 

E 

(13)  

(14)  

F 

(15) 

(16) 

(17)  

(18 )  

d W  
= P D M F F R ( F  - -  N U F ) ( 1  - -  N D F ) ( 1  - -  A L C )  - -  R E  

P D M F F R  = P M F E E D / P M F I S H  

N U F  = 0, w h e n  W EA /> 2 W F C "  F 

W E A 
N U F = F - -  w h e n  W EA < 2 W F C ' F  

2 W F C '  

W F C "  F 
N D F  = - -  w h e n  N U F  = 0 

w E A  ' 

N D F  = 0 .5 ,  w h e n N U F >  0 

R E  = R C  • W ER 

F 
F C O  - 

d W  

- - v - -  = (1 - -  O O F C )  ( F - - N U F )  ( N D F  + N U F )  
d t  

dt  6 .15  + O O F C  • P P F E E D  1-OOX 6 . 1 5  

P P F E E D  = P P F I S H  • P D M F F R  ( F  - -  N U F ) ( 1  - -  N D F )  + ~ ' - - - ~ F  ] 

d O C  
- - ~  = O O R "  O O F C ( ( F - - N U F ) ( N D F  + A L C - - N D F "  A L C )  + O O R  " R M R  • R E )  

F = F F ( 0 . 0 0 7 7  W EA + 0 . 0 0 2 2  W ER) 

F = F F ( 0 . 0 0 9  W EA) 

A E C  = 0 .038  T E M P  1"142 x 10 - a  

A L C  = 0 .021  T E M P  °'7°3 

R C  = 0 .776  T E M P  °'821 x 10 - 3  

W F C  = 4 .158  x 102 T E M P  -0"807 
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Fig. 1. The pr inciple  o f  the mode l  o f  fish growth  is shown.  The feed is used for  respira- 
t ion,  is non-diges ted ,  is used for  the  assimilat ion processes ,  is n o t  ut i l ized and is used for  
growth. Notice tha t  A L G  is equal to  (F - - N U F )  (1 - - N D F )  A L C  and only (F - - N U F )  
(1 - - N D F )  (1 - - A L C )  is available fo r  respira t ion and growth.  

TABLE II 

Symbols  exp lana t ion  

Symbol  Variable (V) Exp lana t ion  Unit  
or parameter  
(P) 

AEC V * A m m o n i a  exc re t ion  coef f ic ien t  1/24 h 
A L C  V * Assimilat ion loss coef f ic ien t  - -  
A L G  V Assimilat ion loss = P D M F F R  kg/24 h 

(F - -  NUF) (1 - -  NDF} ALG 
BOD V Produc t ion  of  BOD kg/24 h 
EA P Appe t i t e  e x p o n e n t  - -  
EM P Metabol i sm e x p o n e n t  - -  
ER P Respi ra t ion  e x p o n e n t  - -  
F V ** Feed  
FF V ***  Feed fac tor  
FCO V Feeding  coef f ic ien t  - -  
NDF V Non digested feed coef f ic ien t  - -  
NP V A m m o n i a  p roduc t i on  kg/24 h 
NUF V Non uti l ized feed kg/24 h 
OC V Oxygen c o n s u m p t i o n  kg/24 h 
OOFC P Frac t ion  o f  organic ma t t e r  - -  

ox id ized  in the fish tank  
OOR P Rat io  oxygen  to  organic ma t t e r  - -  
P D M F F R  P P M F E E D / P M F I S H  - -  
PMFEED  P % dry ma t t e r  in feed - -  
PMFISH P % dry ma t t e r  in fish - -  
PPFEED V % pro te in  in feed --  
PPFISH P % pro te in  in fish - -  
RC V * Respi ra t ion  coef f ic ien t  1/24 h 
RE V Respi ra t ion  loss kg/24 h 
RMR P Resp i r a t ion - -me tabo l i sm ratio - -  
W V Weight 
WFC V * Wasted feed coef f ic ien t  - -  

* Tempera tu re  d e p e n d e n t .  
** A func t ion  of  t imes.  
***  Chosen separate ly  in each case. 
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of the symbols used. Equation A (1) is the mathematical expression of  Fig. 1. 
PDMFFR is a constant  converting dry matter  in the feed to dry matter  in the 
fish. The part  of  the feed ptilized is (F  - -  N U F }  of which only (F  - -  N U F )  

(1 - -  N D F )  (1 - -  A L C) is available for metabolism R E  and growth d W/d t. 

The non-digested feed ( N D F )  is given in equation A (8). N D F  is proportional 
to the ratio, the feed to the appetite. The fact that  N D F  increases when this 
ratio increases is a general ecological principle (see e.g. Odum, 1971). 

The form it has in this case is in accordance with Ursin (1972). The respi- 
ration is generally proport ional  to the surface (Odum, 1971), which corre- 
sponds to equation A (6), where ER is 0.7--0.85 (Ursin, 1967; Halver, 
1970). From experiments it has been shown (see later) that when N D F  is as 
high as 0.5 (50% of  the feed is not  digested) a further increase of  the feed 
will not  be utilized. This is expressed in equations A (2) and A (3). For  
management  purposes it is o f  importance to calculate F C O  - -  the feeding 
coefficient.  This is done by means of  equation A (7}. B (9) gives the produc- 
tion of  organic matter  (detritus). By multiplication with OOFC, the B O D  
product ion is obtained. 

The excretion of  ammonium is a metabolic contr ibution (Halver, 1970) 
and when the model  is used for management of  fish farms the part of  the 
organic matter  oxidized in the fish tank must  be added. The right protein 
concentrat ion of  the feed can be found by application of equation C (11). 

Equation D (12) calculates the oxygen production necessary for the fish 
growth -- again an equation which is mainly of  interest for fish farming. The 
same is the case with E (13) and _E (14) which give two different relations 

TABLE III 

Parameters 

Symbol Definition Value The value used 
used is based upon 

EA Appetite exponent  0.65 Ursin (1973) 
Halver (1970) 

EM Metabolism exponent 0.72 Halver (1970) 
ER Respiration exponent 0.80 Ursin (1973) 

Ursin (1967) 
OOFC Fraction of  organic matter oxi- 0.1 Measurement 

dized in the fish tank mass balance 
OOR Ratio oxygen to organic matter 1.08 Analysis 
PMFEED % dry matter in feed 93 Analysis 
PMFISH % dry matter in fish 28 Analysis 
PPFISH % protein in fish 18 Analysis 
RMR Respiration--metabolism ratio 0.24 Measurement 

mass balance 
93 

PDMFFR PMFEED/PMFISH 2-8 Analysis 
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Fig. 2. F l o w  diagram for  the  e x p e r i m e n t a l  p lan t .  The  wate r  qua l i ty  is m a i n t a i n e d  at  
90 - -95% oxygen  s a t u r a t i o n  by  means  of  ae ra t ion ,  and  the  NH~-N c o n c e n t r a t i o n  was kept  
at  1.5 mg/ l  or  be low by means  o f  a wa te r  t r e a t m e n t  un i t ,  using select ive ion exchangers .  

between the weight of  the fish and the feeding. These two equations express 
two different fits to feeding tables generally used (see Ewos, 1975). The 
feeding factor FF gives the possibilities of  varying the feeding level relative 
to these equations. 

Four parameters depend upon the temperature. These relationships are 
given in _F (15) and F (18). The relationships set up are based upon Speece 
(1973) (a review publication giving F, NH3 excretion, respiration and BODs 
product ion as functions of the temperature).  A regression analysis of these 
data has given the equations F (15)--F {18). 

P A R A M E T E R  V A L U E S  

Two series of experiments were carried out  using an 11 m 3 fish tank. A 
flowsheet of  the plant is shown in Fig. 2. 

The first series was carried out  during July and August 1974 at a tempera- 
ture of 16 0 + 0.3°C with approximately 750 t rout  with an average weight 
of about 275 g. The purpose was to find OOFC and RMR using mass bal- 
ances. The oxygen consumption and the ammonia production was measured 
over a period of  24 h with feeding and 24 h without  feeding, having an inter- 
val of  24 h between the two periods with 12 h reduced feeding and 12 h 
without  feeding. The oxygen consumption was calculated from the oxygen 
concentration of  the water at the inlet and outlet  (see Fig. 2 points 4 and 3 
respectively) multiplied with the water flow (it was found that  the oxygen 
uptake from the atmosphere gave only an insignificant correction). 

The ammonium production was determined by means of the following 
equation: 

NH4-Np = (NH4-NI--NH4-N2)Q + (NH4-NT2- NH4-NTI)V 

where : 

Q = waterflow 
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NHa-Np = a m m o n i u m  p r o d u c t i o n  (24 h) 
NHa-N1 = a m m o n i u m  c o n c e n t r a t i o n  at  ou t l e t  (Fig. 2, p o in t  1) 
NH4-N2 = a m m o n i u m  c o n c e n t r a t i o n  at  Fig. 2, po in t  2 
NH4-NT1 = a m m o n i u m  c o n c e n t r a t i o n  in the  fish t ank  at  s tar t  o f  the  experi-  

m e n t  
NH4-NT2 = a m m o n i u m  c o n c e n t r a t i o n  in the  fish t ank  at the  end of  the  ex- 

p e r i m e n t  
V = vo lume  o f  fish t ank  

T he  o x y g e n  c o n s u m p t i o n  w i t h o u t  feeding is equal  to  O O R  • RMR • RE 
(see Table  I). The  a m m o n i u m  p r o d u c t i o n  w i t h o u t  feeding is co r re spond ing ly  
equal  to  (AEC/6.15)W T M  (see Table  I) and the  e x p e r i m e n t  can be used to  
tes t  this  par t  o f  the  model .  

The  oxygen  c o n s u m p t i o n  when  feeding,  can be used to  tes t  equa t ion  D 
(12) ,  while the  increase in a m m o n i u m  p r o d u c t i o n  when feeding  c o m p a r e d  
wi th  the  e x p e r i m e n t  w i t h o u t  feeding,  is equal  to  OOFC. PPFEED (F -- 
NUF)(NDF+ NUF)/IO0 × 6.15 and OOFC can be found .  These  experi-  
men t s  were r epea ted  twice,  and the  results are shown in Table  IV. This table  
gives the  percen tage  devia t ion  be tween  theore t i ca l  and expe r imen ta l  values. 
A second  series o f  expe r imen t s  was carr ied ou t  to  conf i rm the  relat ions A__ 
(2) and A (3).  This series consists  o f  five d i f f e ren t  per iods ,  where  the  feed- 
ing rate  was main ta ined  at the  same value relative to  WEA/wFc, calculated 
f rom day  to  day  on  the  basis o f  equa t i on  A (1). 

The  g rowth  ra te  was measured  by  weighing a b o u t  10% of  the  fish before  
and a f te r  the  expe r imen ta l  per iod .  The  results are summar ized  in Table  V. 
NUF has been calcula ted on  the  basis o f  the  average growth  rate  using equa- 
t ion  A (1),  and c o m p a r e d  with NUF f o u n d  on  the  basis o f  A (2) and A (3). 
As seen, the  agreement  be tween  the  two  NUF values is qui te  acceptable .  This 
m us t  n o t  be taken  as a final con f i rma t ion  o f  the  equa t ions  b u t  it can be con- 
c luded  t ha t  the  equa t ions  give at least an app ro x im a te  p ic ture  o f  the  NUF 
value.  F u r t h e r  e xpe r imen t s  mus t  be carr ied out .  The  very  best  would  be a 

TABLE IV 

Determination of OOFC and RMR on the basis of experiments 

Experiment Feeding Ammonium Oxygen 

Deviation OOFC Deviation RMR 
(%) (%) 

1 Normal -- 0.12 --8 -- 
1 Without 7 -- -- 0.24 
2 Normal -- 0.08 4 -- 
2 Without --1 -- -- 0.24 
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Fig. 3. The fish weight is shown as a function of  the time. + indicates values found by 
means of  the model,  o measured values. Average weight when the experiment was ter- 
minated: 2 4 0 . 6  g. 

direct measurement of  the NUF value under different feeding rates and tem- 
peratures. 

During both series of  experiments an analysis of  OOR, PMFEED, PMFISH 
and PPFISH was carried out (see Table III). 

V A L I D A T I O N  O F  T H E  M O D E L  

The model was tested for a growth period in which about 1800 fish were 
reared from 49 to 240 g. The weight of  the fish was determined three times 
during this period by weighing 200 fish. FF was chosen to be 0.9 and feeding 
was in accordance with equation __E (14). The oxygen saturation was main- 
tained at 90--95%, the NH4-N concentration at 1.5 mg/l or below, and the 
temperature at 16 + 0.3°C. This should guarantee excellent growth condi- 
tions (see Spotte, 1970}. 

The theoretical values calculated on the basis o f  the model are compared 
with the measured values in Fig. 3. Table VI gives the total production of  

T A B L E  VI  

Comparison theoretical values/measured data of  the total production of  BOD 5 and NH 3 
per fish during the growing period 

BOD5 (g) NH3 (g) 

Theoretical value 
(model)  54  3 .3  

Measured data 
(mass balance) 57 2 .9  
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Fig.  4. T h e  f e e d i n g  c o e f f i c i e n t  is s h o w n  as a f u n c t i o n  o f  t h e  t i m e .  + i n d i c a t e s  v a l u e s  
f o u n d  o n  bas is  o f  t h e  m o d e l ,  a n d  © gives  m e a s u r e d  da t a .  

BODs and NH3 calculated using the model and compared with the values 
found by means of  an analytical program measuring the daily BODs and 
NH4-N concentration before and after the water t reatment  unit and in the 
tank during the experimental period. 

Fig. 4 gives FCO = f (time) in accordance with the model. The fish were 
weighed, as mentioned above, three times during the experimental period. 
The corresponding FCO value was calculated and is indicated in Fig. 4. As 
seen, the agreement between measured and calculated values is acceptable. 

D I S C U S S I O N  

The experiments referred to have shown it is possible to validate a model 
of fish growth and to determine experimentally several essential parameter 
values. 

Closed loop fish farming seems to be an important  way of  working out 
more causal fish models, as it is possible to maintain the feed relative to the 
appetite as well as the environmental factors almost constant.  

On the basis of the results, it can be stated that  the model gives com- 
pletely acceptable results at 16 ° C, but the model was not  validated at other 
temperatures. Furthermore,  it is necessary to determine the parameter as a 
function of  the temperature, although the equations _F (15)--_F (18) are 
based upon observation (Speece, 1973). At a later stage, similar experiments 
to those described in this paper are to be carried out  at other temperatures 
to validate the part of  the model describing the influence of this important  
forcing function. It is also necessary to validate the model for other sizes of  
fish (1 to 5000 g). Other species might have other parameter values, which 
should also be determined. 
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For  management  purposes, the model can be expanded with economic 
equations containing the cost figures of such factors as the feed, mainte- 
nance, interest and depreciation, to be able to optimize a fish farm. 

When the fish model  is used as a submodel  in a model  o f  an aquatic envi- 
ronment ,  certain changes of  the equations in Table I must  be carried out.  
Different size classes of  fish must  be treated separately. In this context  F will 
be the feed available for the considered size class, this means zooplankton,  
small fish etc., and can be expressed by means of: 

F = feed concentrat ion (kg biomass/m 3) 
fish (number /m 3) 

All the equations A__ (1)--A (18) can be applied directly. The total biomass of  
the ecosystem can be found by multiplying W by the number  of  fish. 

Equat ion B (9) discribes the product ion of  detritus per fish, by setting 
OOFC = 0. Equat ion C_ (10) gives the ammonium product ion per fish if 
OOFC = 0. Equations C (11), D_ (12), E (14) and E (15) are not  used at all in 
this context ,  while _FF (15)--F (18) must  be included. 

Hatching can be included in the model  by transferring a part of  the 
biomass at a certain time to the variable "biomass of  eggs". 

The mortal i ty of  the fish has not  been included in the model as the num- 
ber o f  dead fish was limited. Although the numbers were avaiable from long- 
term closed loop fish farming, they could not  be used in the natural environ- 
ment,  as parasites will strongly influence the mortali ty there. Mortality must 
especially be included for  hatching, and here laboratory values might give a 
fairly good approach. 

CONCLUSION 

A fish model  based on mass balances has been set up and several param- 
eters o f  the model  were determined experimentally, using closed loop fish 
farming. The model  is shown in Table I, equations A (1)--F_ (18). It has been 
validated applying the parameters found in separate experiments. It is re- 
markable that  all parameters used (see Table III) are based upon literature 
values or  own experiments.  None of  the parameters were found by calibra- 
tion. 

On the basis o f  the results, it can be concluded that  the model  gives a 
completely acceptable description of  fish growth in the interval 50 to 240 g 
at 16°C. The influence of  the temperature is included in the model in equa- 
tions _F (15)--F (18), based upon observations reviewed by Speece (1973) 
but  there still seems to be a need to validate this part of  the model as well as 
the growth throughout  the total  weight interval (e.g. 1 to 5000 g). 

The results indicate that  by means of  closed loop fish farming it is possible 
to work out  more causal fish models, which can also be used as submodels in 
models of  total  aquatic systems. 
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